In this paper, the approximate controllability of fractional impulsive partial neutral integrodifferential inclusions with infinite delay in a Hilbert space is studied. By using the nonlinear alternative of Leray-Schauder type for multivalued maps due to O'Regan and properties of the α-resolvent operator combined with approximation techniques, we derive a new set of sufficient conditions for the approximate controllability of fractional impulsive evolution system under the assumption that the corresponding linear system is approximately controllable. An example is provided to illustrate the obtained theory.
Introduction
The study of impulsive functional differential equations is linked to their utility in simulating processes and phenomena subject to short-time perturbations during their evolution. The perturbations are performed discretely and their duration is negligible in comparison with the total duration of the processes and phenomena. One may refer to [-] and the references therein.
The nonlinear fractional differential equations has in recent years been an object of increasing interest because of its wide applicability in nonlinear oscillations of earthquakes, and many physical phenomena such as seepage flow in porous media and in fluid dynamic traffic models; see [-] . Recently, the existence of solutions for fractional semilinear differential or integrodifferential equations has been extensively studied by many authors [-] . Functional differential equations with infinite delay appear frequently in applications as model equations and for this reason the study of such equations has received great attention in the last few years. Many authors [-] were interested in the existence of solutions for fractional functional differential equations with infinite delay in Banach spaces. Further, the existence, uniqueness and other quantitative and qualitative properties of solutions to various fractional impulsive semilinear differential and integrodifferential systems have received considerable interest among researchers. With regard to this matter, we refer the reader to Mophou [] , and so on.
Controllability is one of the fundamental concepts in mathematical control theory and plays an important role in control systems. The exact controllability of nonlinear systems represented by fractional evolution equations or inclusions in abstract spaces has been considered in many publications; see [-] . There exist only a limited number of papers on the exact controllability of the fractional impulsive evolution systems. For example, Tai and Wang [] studied the exact controllability of fractional-order impulsive neutral functional integrodifferential systems by using fractional calculus, a semigroup of operators and Krasnoselskii's fixed point theorem. Debbouche and Baleanu [] established the exact controllability result of a class of fractional evolution nonlocal impulsive quasilinear delay integrodifferential systems. Liu and Li [] discussed the exact controllability of impulsive fractional evolution inclusions in Banach spaces. However, in infinite-dimensional spaces the concept of exact controllability is usually too strong and, indeed, has limited applicability (see [] and references therein). Approximate controllable systems are more prevalent and very often approximate controllability is completely adequate in applications (see [, ] and references therein). Therefore, it is important, in fact necessary, to study the weaker concept of controllability, namely approximate controllability for nonlinear systems. In recent years, for fractional semilinear control systems in Banach spaces, several papers were devoted to the approximate controllability. For example, Sakthivel et al. [, ] discussed the approximate controllability of semilinear fractional differential systems. The approximate controllability problem for nonlinear fractional stochastic system in Hilbert spaces has been investigated [] . Kumar and Sukavanam [] proved some sufficient conditions for the approximate controllability of fractional-order semilinear systems with bounded delay. Sukavanam and Kumar [] discussed the approximate controllability of a fractional-order system in which the nonlinear term depends on both state and control variables. Yan [] studied the approximate controllability of partial neutral functional differential systems of fractional order with state-dependent delay. Debbouche and Torres [] derived the approximate controllability of a class of fractional nonlocal delay semilinear systems. It is well known that many control systems arising from realistic models can be described as partial fractional differential or integrodifferential inclusions (see [, , -] and references therein), so it is natural to extend the concept of approximate controllability to dynamical systems represented by fractional impulsive differential or integrodifferential inclusions. In this paper, we consider the approximate controllability of a class of fractional impulsive partial neutral integrodifferential inclusions with infinite delay in Hilbert spaces of the form 
where n is the smallest integer greater than or equal to α and g β (t) :=
, t > , β ≥ . The time history x t : (-∞, ] → H given by x t (θ ) = x(t + θ ) belongs to some abstract phase space B defined axiomatically; and F : J × B × H → P(H) is a bounded, closed, convexvalued, multivalued map, P(H) is the family of all nonempty subsets of H, G :
, ψ ∈ B, and I k : B → H (k = , . . . , m), are functions subject to some additional conditions. Moreover, let  < t  < · · · < t m < b, are prefixed points and the symbol
, where x(t -k ) and x(t + k ) represent the right and left limits of x(t) at t = t k , respectively.
To the best of our knowledge, there is no work reported on the approximate controllability of the fractional impulsive partial neutral integrodifferential inclusions with infinite delay, which is expressed in the form (.)-(.), and the aim of this paper is to close the gap. In this paper, motivated by the previously mentioned papers, we will study this interesting problem. Sufficient conditions for the existence are given by means of the nonlinear alternative of Leray-Schauder type for multivalued maps due to O'Regan [] with the α-resolvent operator combined with approximation techniques. Especially, the well-known results that appeared in [-] are generalized to the fractional multivalued settings and the case of infinite delay. Further, the operators I k (k = , . . . , m) are continuous but without imposing a completely continuous and Lipschitz condition. Therefore, our results have more applications in mathematical physical problems.
The rest of this paper is organized as follows. In Section , we introduce some notations and necessary preliminaries. In Section  we verify the existence of solutions for the fractional impulsive control system (.)-(.). In Section  we establish the approximate controllability of fractional impulsive control system (.)-(.). Finally in Section , an example is given to illustrate our results. 
A multivalued map G : J → P bd,cl,cv (H) is said to be measurable if for each x ∈ H, the function t → D(x, G(t)) is a measurable function on J.
Definition . Let G : H → P bd,cl (H) be a multivalued map. Then G is called a multivalued contraction if there exists a constant κ ∈ (, ) such that, for each x, y ∈ H, we have
The constant κ is called a contraction constant of G.
In this paper, we assume that the phase space (B, · B ) is a semi-normed linear space of functions mapping (-∞, ] into H, and satisfying the following fundamental axioms due to Hale and Kato (see, e.g., [] ).
(
(C) The space B is complete.
Remark . ([])
Let ϕ ∈ B and t ≤ . The notation ϕ t represents the function defined by ϕ t = ϕ(t + θ ). Consequently, if the function x(·) in axiom (A) is such that x  = ϕ, then x t = ϕ t . We observe that ϕ t is well defined for t <  since the domain of ϕ is (-∞, ]. 
In this paper, we always assume that PC is endowed with the norm
To simplify the notations, we put t  = , t m+ = b and for x ∈ PC, we denote byx k ∈ C([t k , t k+ ]; H), k = , , . . . , m, the function given bŷ
Moreover, for B ⊆ PC we denote byB k , k = , , . . . , m, the setB k = {x k : x ∈ B}. Let us recall the following definitions and facts.
if the following conditions are verified.
In this work we will consider the following conditions.
, and A Q(λ)x ≤ C x for every x ∈ D and all λ ∈ ,ϑ .
In the sequel, for r >  and θ ∈ ( 
We now define the operator family (R α (t)) t≥ by 
Let x b (x  ; u) be the state value of system (.)-(.) at terminal time b corresponding to the control u and the initial value x  = ϕ ∈ B. Introduce the set
which is called the reachable set of system (.
is continuous, and
it is possible to steer the system from the initial point x  to within a distance ε >  from all the final points in the state space H at time b.
It is convenient at this point to define operators
where B * denotes the adjoint of B and S * α (t) is the adjoint of S α (t). It is straightforward that the operator
is a linear bounded operator.
Lemma . The linear integrodifferential Cauchy problem corresponding to system (.)-(.) is approximately controllable on J if and only if aR(a,
The proof of this lemma is a straightforward adaptation of the proof of [], Theorem . :
Lemma . A set B ⊆ PC is relatively compact in PC if and only if the setB k is relatively compact in C(
has a fixed point in V ; or (ii) there exist y ∈ ∂V and λ ∈ (, ) with y ∈ λ (y) + ( -λ){y  }.
Existence of solutions for fractional impulsive control systems
In this section, we prove the existence of solutions for the fractional impulsive control system (.)-(.). We make the following hypotheses.
(H) The operator families R α (t) and S α (t) are compact for all t > , and there exist constants M and δ such that
and
(H) (i) For each (t, s) ∈ the function h(t, s, ·) : B → H is continuous and for each 
Lemma . ([]) Let J be a compact interval and H be a Hilbert space. Let F be a multivalued map satisfying (H) and let P be a linear continuous operator from L  (J, H) to C(J, H). Then the operator
Proof Consider the space Y = {x : (-∞, b] → H; x  = , x| J ∈ PC(J, H)} endowed with the uniform convergence topology and define the multivalued map :
In what follows, we aim to show that the operator has a fixed point, which is a solution of problem (.)-(.).
Let {σ n : n ∈ N} be a decreasing sequence in (, t  ) ⊂ (, b) such that lim n→∞ σ n = . To prove the above theorem, we consider the following problem:
where
. We shall show that the problem has at least one mild
For fixed n ∈ N, set the multivalued map n :
and f ∈ S F,x . It is easy to see that the fixed point of n is a mild solution of problem (.)-(.).
Step . We shall show there exists an open set V ⊆ Y with x ∈ λ n x for λ ∈ (, ) and
Let λ ∈ (, ) and let x ∈ λ n x, then there exists an f ∈ S F,x such that we have
for some λ ∈ (, ). On the other hand, from condition (H), we conclude that there exist positive constants k (k = , . . . , m), γ  such that, for all ψ B > γ  ,
Then, by (H)-(H) and (.), from the above equation, we have for t ∈ [, t  ]
Similarly, for any t ∈ (t k , t k+ ], k = , . . . , m, we have
Then, for all t ∈ [, b], we have
Since lim n→∞ σ n = , it follows that
It is easy to see that
,
Denoting by w(t) the right-hand side of the above inequality, we have
Let ξ (t) = e δt w(t) + t  p(t, s)  (e δs w(s)) ds, then ξ () = w(), e δt w(t) ≤ ξ (t), and for each t ∈ J we have ξ (t) = δe δt w(t) + w (t)e δt + p(t, t)  e δt w(t)
This implies that
This inequality shows that there is a constant K such that ξ (t) ≤ K , t ∈ J, and hence
where K depends only on M, δ, b and on the functions m(·), p(·, ·), (·) and  (·). Then there exists r
* such that x PC = r * . Set
From the choice of V , there is no x ∈ ∂V such that x ∈ λ n x for λ ∈ (, ).
Step . n has a closed graph. Let
n → ρ * n . From axiom (A), it is easy to see that (x (j) ) s → x * s uniformly for s ∈ (-∞, b] as n → ∞. We prove that ρ * n ∈ n x * . Now ρ
We must prove that there exists f
Now, for every t ∈ [, t  ], we have
Consider the linear continuous operator :
From Lemma ., it follows that • S F is a closed graph operator. Also, from the definition of , we have, for every t ∈ [, t  ],
Since x (j) → x * , for some f * ∈ S F,x * it follows that, for every t ∈ [, t  ], we have
We must prove that there exists f * ∈ S F,x * such that, for each t ∈ (t k , t k+ ],
From Lemma ., it follows that • S F is a closed graph operator. Also, from the definition of , we have, for every t
Since x (j) → x * , for some f * ∈ S F,x * it follows that, for every t ∈ (t k , t k+ ], we have
Therefore, n has a closed graph.
Step . We show that the operator n is condensing.
For this purpose, we decompose n as n + n , where the map n : V → Y is defined by n x, the set n ∈ Y is such that
and the map n : V → Y is defined by n x, the set ϑ n ∈ Y is such that
We first show that n is a contraction while n is a completely continuous operator.
Taking the supremum over t,
Since S F,x is convex (because F has convex values) we have (λϑ
We begin by showing that n (V ) is equicontinuous. If x ∈ V , it follows that
Then we see for each x ∈ V , and ϑ n ∈ n x, that there exists f ∈ S F,x such that
The right-hand side of the above inequality is independent of x ∈ V and tends to zero as τ  → τ  , with ε is sufficiently small, since the compactness of R α (t), S α (t) for t >  implies imply the continuity in the uniform operator topology and the set {R α (σ n )I k (x t k ) :
x ∈ V , k = , . . . , m} is relatively compact in H. It remains to prove that the functions n x, x ∈ V , are equicontinuous at t = . Indeed, this is true since R α (σ n ) is a compact operator. Thus, the set { n x : x ∈ V } is equicontinuous. Next, we prove that n (V )(t) = {ϑ n (t) : ϑ n (t) ∈ n (V )} is relatively compact for every t ∈ [, b] .
To this end, we decompose n by n (V ) =
and the map  n is defined by
We now prove that
where f ∈ S F,x . Using the compactness of S α (t) for t > , we deduce that the set U ε (t) = {ϑ ,ε n (t) : x ∈ V } is relatively compact in H for every ε,  < ε < t. Moreover, for every x ∈ V we have
Similarly, for any t ∈ (t k , t k+ ] with k = , . . . , m. Let t k < t ≤ s ≤ t k+ be fixed and let ε be a real number satisfying  < ε < t. For x ∈ V , we define
The right-hand side of the above inequality tends to zero as ε → . Since there are relatively compact sets arbitrarily close to the set U(t) = {ϑ  n (t) : x ∈ V }. Hence, the Arzelá-Ascoli theorem shows that  n is a compact multivalued map. Next, we show that
On the other hand, for t ∈ (t k , t k+ ], k = , . . . , m, and x ∈ V , there exists r >  such that
where B r (, Y) is a closed ball of radius r . From (.) we obtain I k (x t k ) bounded in H. By the compactness of (R α (t)) t> , we see
. . , m. By Lemma ., we infer that  n (V ) is relatively compact. Moreover, using the continuity of the operator R α (t), for all t ∈ [, b], we conclude that operator  n is also a compact multivalued map.
As a consequence of the above Steps -, we conclude that n = n + n is a condensing map. All of the conditions of Lemma . are satisfied, we deduce that n has a fixed point x n ∈ Y, which is in turn a mild solution of problem (.)-(.). Then we have
for some f n ∈ S F,x n , and
Step . {x  n (t) : n ∈ N} is relatively compact in Y. Claim . {x  n : n ∈ N} is equicontinuous on J. For ε > , x n ∈ V , there exists a constantη >  such that, for all t ∈ (, t  ] and ξ ∈ (,η) with t + ξ ≤ t  , we have
Then, for all t ∈ (, b], using the compact operator property, we get
Similarly, for any t ∈ (t k , t k+ ] with k = , . . . , m. ε > , x n ∈ V , there exists ξ ∈ (, t) such that
By the compactness of R α (t), S α (t) for t > , we see that the set {x ξ n (t) : n ∈ N} is relatively compact in H. Combining the above inequality, one has {x  n (t) : n ∈ N} is relatively compact in H.
Step . {x  n (t) : n ∈ N} is relatively compact in Y. Claim . {x  n : n ∈ N} is equicontinuous on J. For any ε >  and  < t < t  . Since R α (σ n ) is a compact operator, we find that the set W  = {R α (σ n )G(, ϕ)} is relatively compact in H. From the strong continuity of (R α (t)) t≥ , for ε > , we can choose  <η < b -t such that
when |ξ | <η. For each x n ∈ V , t ∈ (, t  ), such that
Application
Consider a fractional impulsive fractional partial neutral functional integrodifferential inclusions of the form 
